This paper deals with the free-vibration behaviour of anisotropic laminated angle-ply noncircular cylindrical shells using finite element approach. The formulation is based on first-order shear deformation theory. The present model accounts for in-plane and rotary inertia effects. A detailed study has been carried out to highlight the effects of shell geometry, cross-sectional properties, lay-up and ply-angles on the natural frequencies of different types of modes of vibration of non-circular elliptical shell structures.
Nondimensional frequency parameters
INTRODUCTION
The study of response of shells of revolution under static and dynamic loading situations has received considerable attention in the literature compared to the analysis that deals with shells of non-circular cross section. This is possibly due to the difficulty introduced in the governing equations because of varying nature of the radius of curvature of the non-circular cylinders with the circumferential coordinate. Studies of such shells made of advanced composite materials that are preferred in the design of lightweight and efficient shell structures, are further limited because of the increased complexity due to the inherent directional properties of these materials. Although many structural components of non-circular cross section can be adequately treated as equivalent shells of the revolution, this approach may be unacceptable for shells with significantly non-circular curvature. Thus, there is a growing appreciation of the importance of determining the behaviour, in particular, dynamic characteristics of the laminated composite circular shells with geometrical imperfections and noncircular composite cylindrical shells.
The exhaustive literature1-5 on dynamic analysis of the circular cylindrical shellslpanels has been reviewed. Recently, the limited progress made in understanding the behaviour of the non-circular cylinders has been reviewed by Soldatos6. It may be concluded that only a few contributions are available on free-vibration analysis of the anisotropic laminated non-circular cylindrical shells compared to those of isotropic cases, and all these deal with cross-ply cases. Soldatos and Tzivanidis7, SoIdatoss, and Hui and Du9 have analysed the free vibrations of multilayered closed oval shells using the classical theory, whereas Noorj0, Solddtosll, and Kumar and SinghI2 have investigated the same shell structures employing the shear deformation theory. The study on elliptical shells has been done by Suzuki", et al. based on the classical theory, but Noorlo, and Suzuki14, et al. analysed the same adopting the shear deformation theory. All these investigations have been carried out by the various analytical methods. However, the analysis of angle-ply non-circular shells appears to be scarce in the literature because of increased complexity due to various coupling effects arising from anisotropy. Furthermore, the application of finite element approach, which is a numerical method and easily amenable to solve the problem with complicated geometry and loading situations in analysing the non-circular cylindrical shell structures, has not received adequate attention in the literature.
The purpose of the present study is to analyse the dynamic behaviour of anisotropic laminated angle-ply non-circular cylindrical shells based on first-order shear deformation theory. The analysis is carried out adopting finite element approach. The formulation includes in-plane and rotary inertia effects. The strain-displacement relationship for the shell geometry is accurately accounted for, without assuming the term zlR<<l. The accuracy of the present model is validated against the available analytical solutions. A detailed parametric study has been carried out to bring out the effects of eccentricity parameter, thickness, and slenderness ratios, lay-up and ply-angles on the free-vibration characteristics of simply supported non-circular shells with elliptical cross sections.
FORMULATION
A laminated composite non-circular cylindrical shell has been considered with the coordinates x along the meridional direction, y along the circumferential direction and z along the thickness direction having y = CI2 The strain vector { e ) consisting of bending and membrane strain components { ebm') = {E-E ,~ y_lT, and transverse shear strain terms {E,) = {yn yyrJT is accurately introduced in the formulation and is defined1* as where the subscript comma denotes the partial derivative wrt the spatial coordinate succeeding it.
The principal radius of curvature in the circumferential direction, R is the function of circumferential coordinate y and its variation along they direction depends on the type of cross section.
Using the kinematics given in Eqn (1) . Eqn (2) can be rewritten as and (6') is the vector of the elemental DOFsI generalised coordinates.
The elemental-level governing equations, obtained using Lagrangian equations of motion, are:
The coefficients of mass and stiffness matrices involved in governing Eqn ( 1 2 ) can be rewritten as the product of the term having thickness coordinate z alone and the terms containing x and y. In the present study, while performing the integration, the terms having thickness coordinate z are explicitly integrated, whereas the terms containing x and y are evaluated using full integration with 5 x 5 points Gauss integration rule. The solutions of Eqn (13) can be obtained using standard eigenvalue extraction procedures.
ELEMENTS DESCRIPTION
In the present study, a CO continous, eightnoded serendipity quadrilateral shear flexible shell element with five nodal DOFs (u,, v,, w,, ex, By) developed, based on field consistency approach18, has been employed. If the interpolation functions for an eight-noded element are used directly to interpolate the five field variables (u,, v,, w,, Ox, 8") in deriving the membrane and shear strains, the element will lock and show oscillations in the membrane and the shear stresses. Field consistency requires that the membrane and the transverse shear strains must be interpolated in ;t consistent manner. Thus, the w o term in the expression for membrane strain { E , ] given in Eqn (4) has to be consistent with the field functions v",~, as suggested by Pratapi8. Similarly, the terms ex and (v,, 0") in the expression for transverse shear strains {E,) and {E,] defined in Eqn (4) be consistent with the fiekd functions wOx and w,,,~, respectively. This is achieved using a field-redistributed substitute shape function to interpolate those specific terms that must be consistent. The element thus derived is tested for its basic properties and is found free from the rank deficiency, shear1 membrane locking, and poor convergence syndromet9.
RESULTS & DISCUSSION
In this study, layered elliptical cylinders are investigated as examples of non-circular cylinders with doubly symmetric cross sections. The radius of curvature of the middle surface for elliptical cross section is describedt4 as where
is the representative radius, po= (a2-b2)/(a2+b2); and 0 is a variable that denotes an angle between the tangent at the origin of y (circumferential coordinate) and the one at any point on the centreline (Fig. 1) . The parameters a and b are the semimajor and the semi-minor axes of the elliptical cross section, respectively.
Since the study is concerned with angle-ply case, the complete shell model is considered for the analysis. To improve the estimation of the transverse shear strain energy, the value for the shear correction factor is taken as 516. Furthermore, as the element is based on field-consistent approach, all the energy contributions are evaluated using exact numerical integration scheme. Based on progressive mesh refinement, a 64 x 12 mesh (circumferential and meridional directions) is found to be adequate to model the complete shell for the present analysis. The formulation developed herein is validated for cross-ply non-circular cylindrical shells for which analytical solutions are available in the l i t e r a t~r e l~. '~.
These results are shown in Tables 1 and 2 to different types of spatially fixed asymmetric vibration modes are examined. Since the conventional way of identifying the circumferential modes, based on number of crossings is not valid due to the variable radius of curvature causing many modes that have the same number of crossings around the circumference but corresponds to different frequencies20, first 12 frequencies in the order from below and their associated asymmetric modes are therefore highlighted for the present study. The various modes are symmetry-symmetry (SS), symmetry-antisymmetry (SA), antisymmetry-symmetry (AS), and antisymmetry-antisymmetry (AA), classified based on whether the modes are symmetric or antisymmetric wrt the axes passing through the points y = 0 and CI2, and y = C14 and 3C14, respectively pig. 1) where C is the total circumferential length of the shell. The material properties used, unless otherwise specified, are: Table 3 . Frequency parameters n'of two-layered and eight-lapred tbla angkqdy e l f i p t i d shells with alb = 1. Tables 3 and 4 . It is observed from the Table 3 that the 15" ply-angle case results in the lowest frequency values of all asymmetric modes of vibration and the next higher one is mostly yielded by 30" case. The maximum values occur either for the ply-angle 45' or for 60" case, depending on the frequency order and the type of asymmetric mode of vibration. The behaviour of eight-layered case is qualitatively similar to that of two-layered one but the frequency value increases due to the weakening of bending-stretching coupling introduced in the laminate. It can be further noticed from Table 4 that, with increase in LIRo value, the frequency value, in general, signifjcantly decreases and the ply-angle at which maximum frequency was obtained shifted to 7S0, especially for the higher modes. Furthermore, it can be opined from Tables 3 and  4 that, the increase in eccentricity value affects the frequencies quantitatively but the nature of variation of the frequency parameter does not change. In general, it can be viewed that, for higher plyangle cases, the frequency order can change with the type of vibration modes, irrespective of the number of layers and the eccentricity parameter.
For a moderately thick case (Rdh =lo), the frequency parameter values of different asymmetric modes of vibration are highlighted in Tables 5  and 6 for the two values of eccentricity (nlb = 1.5 and 2.5) and length (WRo= 0.5 and 1.0) parameters. It is evident from these tables that, for the higher length ratio (WR,= 1.0) considered here, the variation of frequency parameter is, in general, qualitatively similar to those of thin shell cases whereas no such conclusion can be drawn for thick shell cases (LIR, = 0.5), wherein the behaviour depends on mode numberltype of asymmetric mode of vibration. However, for most of the frequencies highlighted here, it appears that 75" ply-angle cases can predict the lowest values and 15" ply-angle cases yield the maximum values, irrespective of eccentricity ratio. It is also observed that, with increase in eccentricity parameter value, the first two frequencies of each type of asymmetric mode, decrease, and the rate of decrease is high for the smaller length ratio case compared to the bigger length ratio case.
Finally, the circumferential variations of the first two mode shapes of various types of asymmetric vibrations are shown in the Figs 2 and 3 for thin and moderately thick shell cases. It is observed from the mode shape analysis of the cross-ply case" that cos (no) terms alone contribute for SS or SA cases, depending on n even or odd, while sin (no) terms alone participate for AA or AS cases, depending on n even or odd. However, it has been found (not shown here) that the contributions of both cos (no ) and sin (no ) (n even and odd) are noticeable in a mode shape of any type of asymmetric vibration of angle-ply case. It is seen from Fig. 2 that the ply-angle can affect the peak values along the circumferential direction and also their spatial occurrence. It can also be viewed from the Fig. 2 that some mode shapes show deviation from perfect symmetry1 antisymmetry for certain ply-angles, for instance the second AA mode of 30" cases about line joining ylC = 0.25 and 0.75. However, for thick shell situation, (Fig. 3) although there are some changes in the peak amplitude values with increase in plyangle, their spatial occurrence does not change noticeably compared to those of thin shell cases. It is also seen that the peak amplitudes i n the inward and the outward directions are different because of variable curvature of the non-circular shell, leading to the coupling of all the vibration modes of a corresponding circular cylindrical shell, and this coupling can be strong with the increase in the non-circularity of the middle surface cross section.
CONCLUSIONS
The free-vibration characteristics of laminated angle-ply non-circular, elliptical shells have been analysed based on the first-order shear deformation theory through finite element approach. The effect of eccentricity, ply-angles, and lay-up on the values of natural frequency parameter has been demonstrated. From the detailed parametric study, the following observations have been be made: (a) For a thin shell, in general, the lowest frequency values corresponding to different asymmetric modes of vibration are predicted for ply-angle of 15". whereas the maximurn values occur for 45" or 60" ply-angle cases. But, it strongly depends on the value of the length parameter for thick shells.
(b) The increase in the number of layers and noncircularity does not affect the qualitative variation of the frequency parameter.
(c) For thick shell cases, ply-angle of 75" yields minimum frequency values and ply-angle of 15" case yields maximum values, for most of the modes of vibrations considered here.
(d) With increase in eccentricity parameter value, the frequency valhe decreases and the rate of decrease is more for bigger length ratio case compared to the case of smaller length ratio case.
(e) The ply-angle can affect the peak values of the inward and the outward displacements and their spatial occurrence in the shell's circumferential direction, depending on the values of thickness parameter. To some extent, it can also disturb the symmetric/antisymmetric nature of the mode shape.
(f) Unlike cross-ply case, the contributions of both cos (no ) and sin ( n o ) ( n even an, odd) are noticeable in a mode shape of any type of asymmetric vibrations of angle-ply cases.
